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Abstract—In this paper, a step-shaped hierarchical 
quadrature amplitude modulation with two high-priority bits, 
4/K-stepped θ-QAM, is proposed for K = 22k and k ≥ 3. We 
provide a construction method of the signal constellation and 
present a bit-to-symbol mapping for the proposed 4/K-stepped θ-
QAM. Through computer simulations, we present bit error rate 
performance of 4/K-stepped θ-QAM in single-input single-output 
and multi-input multi-output systems by adopting adaptive QR 
decomposition-M detection and compare with that of the 
conventional hierarchical constellations. 

I. INTRODUCTION 

In recent communication and broadcasting systems, as the 
quality of information, e.g., resolution and frame rate, increases, 
a large amount of data processing is needed. Moreover, 
development of technologies such as 5G and autonomous 
driving requires communication in various situations with high 
speed and high reliability. 

In general, quadrature amplitude modulation (QAM) has 
been mainly adopted in communication and broadcasting 
systems that require large data transmission, since it can 
improve data rate without sacrifice in bandwidth. In particular, 
square QAM (SQAM) having simple modulation and 
demodulation methods has been used in many practical systems 
[1]-[3]. Although, SQAM provides low complexity in 
modulation and demodulation, it does not offer optimal error 
performance. Hence many studies have been conducted on 
constellation design to minimize the error probability. In [4], 
for instance, θ-QAM with the versatile structure exploiting the 
angle between signal points was proposed which has better 
error performance than SQAM. In [5], stepped θ-QAM with a 
step-shaped constellation was proposed, which provides better 

error performance than θ-QAM. Meanwhile, to guarantee the 

reliability of basic communication, Cover proposed to divide 
the transmitted data into more than two classes and to assign 
different degrees of protection to data according to their 
relative importance [6]. Motivated by [6], various studies have 
been conducted on hierarchical modulation which divides 
important data into high-priority (HP) bits and less important 
data into low-priority (LP) bits to achieve this idea in practical 
systems [7]-[10].  

 In addition to constellation design, multi-input multi-output 
(MIMO) technology is well known as one of the methods to 
improve the data rate and reliability of communication and 
broadcasting systems. In MIMO system, since the complexity 
and error performance change drastically depending on a 

detection method, many researchers have mainly focused on 
finding a detection method with low complexity and good error 
performance. Maximum likelihood (ML) detection provides 
optimal error performance, but its computational complexity 
increases exponentially as the number of antennas or 
modulation order increase [11]. To reduce the complexity, 
zero-forcing (ZF) and minimum mean square error (MMSE) 
detections were proposed, but they have significantly low error 
performance compared to ML detection [12]. Recently, in [13], 
adaptive QR decomposition-M (QRD-M) detection providing 
near ML performance with significantly low complexity was 
proposed. 

In this paper, we propose a step-shaped hierarchical QAM 
with two HP bits, 4/K-stepped θ-QAM, where K = 22k and k ≥ 3, 

based on stepped θ-QAM. We provide a construction method 
of constellation and present bit-to-symbol mapping for 4/K-
stepped θ-QAM. By adopting adaptive QRD-M detection, we 
present bit error rate (BER) performance of 4/K-stepped θ-
QAM in single-input single-output (SISO) and MIMO systems 
and compare with that of the conventional hierarchical 
constellations.  

II. 4/K-STEPPED θ-QAM

4/K-stepped θ-QAM, K = 22k, k ≥ 3, with two HP bits is 

constructed based on stepped θ-QAM. Due to the facts that 
QPSK constellation is embedded into hierarchical 
constellation which has two HP bits and the number of signal 
points in each quadrant is the same in stepped θ-QAM 
constellation, we first separate the signal points of stepped θ-
QAM into four signal point sets with different HP bits 
according to the quadrants in which they are located. 

Let Sm be the signal point set of m-th quadrant in stepped 

θ-QAM. We denote each signal point in Sm by 1
ms , 2

ms , ⋯, p
ms

from left to right, top to bottom where p = K / 4 and denote the 

coordinate pairs of signal point q
ns  by ( q

nx , q
ny ). As an example, 

Fig. 1 shows signal points of 64-ary stepped θ-QAM and their 
coordinate pairs when θ = 60°. Then, 4/K-stepped θ-QAM is 

constructed by moving the coordinate pairs of signal point q
ns , 

( q
nx , q

ny ), by (+λ, +λ), (-λ, +λ), (-λ, -λ), and (+λ, -λ) when n = 1, 

2, 3, and 4, respectively, where 0   is a constant. 

We define α = dh / dl as the constellation parameter which 
controls the relative degrees of protection of data where 1  , 
2dh is the minimum distance between two signal points in 
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adjacent quadrants, and 2dl is the minimum distance between 
two signal points within one quadrant. We can formulate the 
relationship between α and λ as 
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We depict the signal constellations of 4/K-stepped θ-QAM when α 
= 2 and θ = 60° in Fig. 2. 

For the modulation scheme, it is necessary to map binary 
bit streams into signal points in an appropriate manner. In the 
sense of minimum bit errors for a given symbol error, the 
optimum bit-to-symbol mapping can be found through a full 
search, but it is impracticable for the high modulation orders 
since it involves K! possible mappings. As an alternative, [14] 
proposed a suboptimum bit-to-symbol mapping scheme called 
layer labeling algorithm which can be applied to high 
modulation orders, and by adopting the layer labeling 
algorithm, [15] presented bit-to-symbol mapping of stepped θ-
QAM. 

We also adopt the layer labeling algorithm and obtain bit-
to-symbol mapping of 4/K-stepped θ-QAM. Since QPSK 
constellation is embedded in 4/K-stepped θ-QAM where two 
HP bits are mapped, we first assign two HP bits to the most 
significant bit (MSB) position, i.e., 00, 10, 11, 01 are assigned 
to each quadrant in sequence. Then, by using the layer labeling 
algorithm, the remaining bits are assigned where we assume 
search limit Ne = 9 in the algorithm of [14]. As an example, we 
present a bit-to-symbol mapping of 4/64-stepped θ-QAM 
when α = 2 and θ = 60° obtained from the layer labeling 
algorithm in Fig. 3.  

III. SIMULATION RESULTS 

In this section, we present the BER performance of 4/K-
stepped θ-QAM in SISO and 2 2 MIMO systems. To detect 
the transmitted signal from the received signal in MIMO 
system, we adopt adaptive QRD-M detection proposed in [13], 
where the survival candidate signal points are determined at 
each detection layer based on a threshold to exclude unreliable 
candidate signal points. We consider a Rayleigh fading channel 
for simulation and include the results of the conventional 4/K-
QAM in [9] for comparison. 

Fig. 4 shows the BER versus Eb/N0 of 4/K-QAM and 4/K-
stepped θ-QAM, when α = 2, θ = 60°, and K = 64 and 256 in 
SISO system. As shown in Fig. 4, 4/K-stepped θ-QAM 
achieves power gains in HP bit over 4/K-QAM. Note that, 

 
 
Fig. 2. Signal constellations of 4/K-stepped θ-QAM when α = 2 and θ = 60°. 

(a) K = 64. (b) K = 256. (c) K = 1024. (d) K = 4096. 

  

 
 
Fig. 3. Bit-to-symbol mapping of 4/64-stepped θ-QAM when α = 2 and θ = 
60°. 

  

 
 
Fig. 1. Signal points of 64-ary stepped θ-QAM when θ = 60°. 
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although 4/K-stepped θ-QAM has power losses in LP bit over 
4/K-QAM, the primary purpose of the hierarchical modulation 
is to provide better protection for HP bit. 

Fig. 5 shows the BER versus Eb/N0 of 4/K-QAM and 4/K-
stepped θ-QAM, when α = 2, θ = 60°, and K = 64 and 256 in 
2  2 MIMO system. From Fig. 5, we can see a similar 
tendency with the case of SISO system as shown in Fig. 4, 
where 4/K-stepped θ-QAM provides power gains in HP bit 
over 4/K-QAM. 

V. CONCLUSION 

In this paper, we proposed a step-shaped hierarchical QAM 
with two HP bits, 4/K-stepped θ-QAM, where K = 22k and k ≥ 

3, based on stepped θ-QAM. We provided a construction 

method of constellation and presented bit-to-symbol mapping 
for 4/K-stepped θ-QAM. We then provided the BER 
performance of 4/K-stepped θ-QAM in SISO and MIMO 
systems by adopting adaptive QRD-M detection and showed 
that 4/K-stepped θ-QAM offers better error performance in HP 
BER than the conventional 4/K-QAM. 

We considered the case of θ = 60° as an example. Further 
work is required to analyze the error performance according to 
θ to find the optimal angle in terms of minimum error 
probability. 
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Fig. 4. BER of 4/K-QAM and 4/K-stepped θ-QAM when α = 2, θ = 60°, and
K = 64 and 256 in SISO system. 

   

 
Fig. 5. BER of 4/K-QAM and 4/K-stepped θ-QAM when α = 2, θ = 60°, and

K = 64 and 256 in 2 2 MIMO system. 
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